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Abstract. This work deals with the semihnear equation —Au + u — = in 
M^, 2 < p < We consider the positive solutions which are ^-periodic in xi and 

decreasing to in the other variables, uniformly in xi. Let a periodic configuration of 
points be given on the xi-axis, which repel each other as the period tends to infinity. If 
there exists a solution which has these points as peaks, we prove that the points must 
be asymptotically uniformly distributed on the xi-axis. Then, for e small enough, we 
prove the uniqueness up to a translation of the positive solution with some peaks on the 
Xi-axis, for a given minimal period in xi. 

1 Introduction. 

We consider the equation 



ci 

Au + u-ul = Om — xR^-^ (1.1) 



where u+ = max(n, 0). 
By we mean that 



and that 



27r 

u{xi H ,x') = u{xi,x') 



du , 27r , du , 
— (xi H ,x ) = — ) 

(JX\ £ OXl 



We suppose that 

n(xi,x') — )• 0, as — )• 0, uniformly in xi. 

If u > 0, we know that u is radial and decreasing in x' ([71, [2]). We consider the 
subcritical case 

iV + 2 

2<p< — — for iV > 3, p> 2 for TV = 2. 

We assume that p >2 instead of p > 1 for some technical reasons. 
Let U be the groundstate solution in M^. It verifies 



-AU + U -UP = in 



pN 



It is known that U is positive, radial and tending to at infinity. Moreover the behavior 
at infinity is 

iV-l I I 

\x\ 2 e' '?7(x)— >Lo as |x| — ;> +00 
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and 

1^1 ^ 6 — \x) — )• -t^i as |x| — )• +00, xi > 0, 
ox I 

for some positive limits Lq and Li. (see [9].) 

Several recent articles deal with the construction of positive solutions for the equation 



-Aii + n — ti^ = in 



Let us refer to [5], [lO], [6]. 

Let us call the Dancer solution the positive solution of (jl.ip which is ^-periodic in xi, 
tending to as |x'| — >• +00, even in xi and decreasing in xi in [0, |]. This solution, 
that we call ud was constructed in [5] by a bifurcation from the ground-state solution in 
]^Af-i_ The Dancer solution exists when < e < e*, where is a known threshold. We 
have 

11^15 — f/||j;,cx)(]_z^2L[x]R'v-i-) — )• as e — 7- 0. (1-2) 



12-n 



For all x' the fonction xi 1— >• ud{xi,x') reaches its maximum value at the points / G Z 
and reaches its minimum value at the points 

Now, for any e > 0, for any k >2, let o*, i = l,...,k, be points of [— 7r,7r[ which are 
such that 

— ^ +00 as e 0, i = 0, A: + 1. (1.3) 

where we denote = — 27r and a^~^^ = + 27r. 
Let us denote 

U^{Xl,x') = U{Xl-^,x'). 

Let us give the following 



Definition 1.1 The solution u of hl.l]) admits the points as peaks if 

are k points of [—-, - [ verifying il.3\} and if 



— C/i||^oo(]_2L_z [xR^v-i) — )• as £ — )• 0. (1-4) 
1=1 

Let us remark that by the Maximum Principle, any solution of p.ip verifying (jl.4p needs 
to be positive. 

We can ask whether for any configuration of points in a period which repel each other in 
the sense of (|1.3p . there exists a solution having these points as peaks. We give a negative 
answer. In particular it is not possible to consider peaks which repel each other with an 
infinitely small speed wrt the period. 

Our main result is the following uniqueness result for the small values of e. 



Theorem 1.1 Let u be a solution of (Ejp ^^^^ admits the points -fj---j~f i'^ [~f i f [ '^■^ 
peaks in the sense of the definition Then, for e small enough there exists — t- 
such that 

u(xi, x') = Uo{xi — Og, x') 
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where ud is the Dancer solution of period 
We can write ud as 

UDix) = ^Uixi + ^,x')+ij{x) (1.5) 

and if we define 

21tt 

dx = disi(3;,Uzgz{(-^,0)}), 

then for every < r]' < min{2 — r],2{p — 1 — r])}, there exists C independent of e such 
that 

M + |VV|)(x) < Ce-'"^-e-'^(-^)^. (1.6) 

ke 

The most involved part of the proof of Theorem 11.11 is to prove that the peaks are 
asymptotically uniformly distributed. More precisely, we will begin by the proof of the 
following 



Proposition 1.1 Let u be a solution of admetting the points in ^—'^ 

as peaks. 

Then we have necessarily 



^0, i = 0,...,k + l. (1.7) 



e ke 

In [ID], part 3, Malchiodi gives a construction of a periodic solution with one peak, 
using a Lyapunov-Schmitt method. 
Let us quote the following 

Proposition 1.2 (Malchiodi, f7^ . Corollary 3.2.) For \ < p < there exists a 

solution of M.l\) . even in xi, of the form 

V = ^U{xi+i'^,x') +w (1.8) 



where 
and 



I^Wll/flQ-IL^ILIxIR^-l) 



\w{x)\ + |VuJ(x)| < Ce-f (i+«")e-'^«^^^^("'U'««^'0)» (1.9) 
for some > and r]Q > 0. 

This solution is the Dancer solution, in consideration of the uniqueness of the even 
^-periodic solution which verifies (jl.2p (see p. 969). In that previous work, the 
functions are assumed to be even in xi. In ours, we have to overcome some difficulties 
arising from the lack of evenness. Finally, we prove that the solution is even. 

In the course of the proof of Theorem II. H we will consider an approximate solution 
of (dl]). 
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Let us denote 



then 



Let us define 



= ^ Ui^i and = ^ Vi. 

l£Z i=l 



We will study the linearized operator about this approximate solution, namely 

1L = -A + l-puP-^. 

We will prove that the linearized operator L has no zero eigenvalue and we will give an 
estimate of the eigenvalues which tend to 0. 

The operator (— A + /)~"^L is an operator of H^(^ x M^^^) into itself of the form id — )C, 
where /C is a compact operator. So (—A + /)^^L is a Fredholm operator of index 0. 
We consider the eigenvalues of the operator L, in the following sense 

there exists ^ G H^{^ x M^-^), ^ / 0, verifying = A(-A + 1)^. 

The operator L has a countably infinite discrete set of eigenvalues, Aj, i = 1,2.... If we 
designate by Vi the eigenspace corresponding to Aj, by the space H^{^ x and 
by L2 the space L'^{^ x R^~^), then 

A, = inf{ ^ ^^^\ u^O,<u,v >Hi= 0,yv g Fi ... V--i}, for i > 2, (LIO) 

< U,U >H^ 

and 

. < Lu,n >i2 
Ai = mfj ,u / 0}, 

< U,U >jjl 

(see [8]). Let us quote the following result concerning the eigenvalues of the operator 
—A + 1 — pU^^^ (with the definition above, with M.^ instead of — x M^"-"^ and when 
k = 1 and = 0) 

Theorem 1.2 The first eigenvalue of —A + 1 — pU^~^ in M.^ is 1 — p. The eigenspace 
associated with the eigenvalue is spanned by the eigenvectors j = 1,...,N. 

This theorem follows from [Ij. 
Let us define 

1 a* a-' 
Gi = -dist( — , Ujyij=o,...,fc+i{ — }) i = 1, k. (1.11) 



and 



a = mm ai 

~ i=l 



Let us summarize the properties of the eigenvalues and of the eigenvectors of L in the 
following 
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Theorem 1.3 (i)The eigenvalues o/L are less than 1. There exists a sequence (em)meN 
such that each eigenvalue o/L tends either to 1 or to an eigenvalue of —A + 1 — pUP~^ 
as Em 0. 

(ii) Let F he the vector space associated with the eigenvalues tending to 0. Then the 
dimension of F is k and F is spanned by k eigenvectors ipi, i = l,...,k such that there 
exist k real numbers Oi ^ 0, independent of e, verifying 

< <fi,iPj >^^^s]_^^N-i)=0 i/i ; \\(pi\\oo = l (1.12) 

and 

for all 1 < q < oo. 



(Hi) If \i{em) — ^ 0, then Aj(em) 7^ and 

l-N 

Ai(e™)e-2'^V, 2 ^ H (1.14) 

where H ^ 0. 



The paper is organized as follows. In section 2, we study the eigenvalues of the 
operator L which tend to and the associated eigenvectors. We give the proof of Theorem 
11.31 In section 3, we use a Lyapunov-Schmitt method to give the proof of Proposition 
11.11 In section 4, we conclude the proof of Theorem 11.11 

In sections 2 and 3, we will refer to some technical results, which are reported in the 
appendix (section 5). 

2 An analysis of the eigenvalues. 

In this part, we prove the theorem 11.31 



Proof of (i). 



Let 99 be such that 

hip = X{-Aip + ip) in^xM^-i. 
We suppose that there exists c such that 99(c) = 1 and that II99II00 = 1- We denote 

(j){x) = (p{x + c). 

By standard elliptic estimates, there exists a subsequence such that (p ^ (j) uniformly on 
the compact sets of M.^ . Let us suppose that X -/> 1. First, if |c — (^,0)| — )• +00 for all 
i, then 

-A0 + ^ = O inM^ ; ||^||^ = ^(0) = 1. 
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This is in contradiction with the maximum principle, so this case does not occur. So 
there exists c and i such that (c — 0)) — >• c. Then, 

{-A + l-pUP-^{x + c))'^ = \{-A^ + ^) inR^ (2.15) 

and (p is non zero and even in x'. Thus A is an eigenvalue of —A + 1 — pU^^^. 

By a diagonal process, we can construct a subsequence (em) such that any eigenvalue of 

L which does not tend to 1 converges to an eigenvalue of —A + 1 — pUP~^. 



Proof of (ii). 



We divide the proof into three parts. 
Firstly, let us prove that if (/? S F\{0}, then there exists / C {l,...,k} and some real 
numbers Qj / and independent of e such that 



\^-y,^iir^\\oo+\\'^{^-y,c,i-^)\\oo^Q (2.16) 

trf oxi ^ dxi 



We follow the proof of (i) to get (j2.15p with A = 0. Then we can denote c instead of 
(c, 0) G M X M^"-*^ and there exists some real number a 7^ such that 

Mx) = a- — ixi + c,x ). 

0x1 

We get 

dU 

ip(x + c) — a— — {x + c) — uniformly on the compact sets, 
0x1 



that is 



dU a* 

(p(x + c) — a— — (x + c ^) — )• uniformly on the compact sets, 

oxi e 



that leads to 



QJJ. j 

ipix) — a—^ix) — )• uniformly for x such that ixi — ^) is bounded. 

oxi ^ 

Finally for each i, either there exists 7^ such that 

dv 

(if — ai—-^) — )• uniformly for x such that (xi — ^) is bounded 

0x1 ^ 

or 

93 — )• uniformly for x such that (xi — ^) is bounded. 
Moreover, the first case occurs for at least one i. By the beginning of the present proof, 

if{x)^0 if Ix - (^,0)1 ^ +00 Vi. 
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Thus there exists J C {1, k} and 7^ and mdependent of e such that 

dvj 
' dxi 



<^-E«*l^ll-^0- (2.17) 



We deduce that 

\\\7frn — \ ri/, 

' dxi 



V(v^- J]ai^)||oo^O (2.18) 



by standard elhptic arguments. Since the functions are hnearly independent, we 
deduce that 

dimi*" < k. 



Secondly, let us assume that (pi € F and ^ F are such that 

< ¥'i,'^2 >^i(Sixjjiv-i)= and ||¥?i||oo = ||'^2||oo = 1- 

We write 

in the sense of (j2.17p and (|2.18p . Taking the scalar product in we obtain 

Edvi dvj , , \ - dvi , , \ - ^ dvi 

+ < 0(1), 0(1) >^1 . 

In view of Proposition 15.71 t^is Lebesgue Theorem leads to 

dU 

0= E (2-^^) 



■ r r 

t&JinJ2 



We deduce that Ji n J2 



Thirdly, let us assume that F 7^ {0}. We define a finite set J and eigenvalues Xj, 
j G J such that Xj{em) — ^ 0. Let 99^ be an eigenvector associated with Xj. Let us assume 
that 

< 'Pi,'Pj >H^([-^,2L]y^RN-i)= i j ; ||93i||ioo([_i^2:]xlR^-i) = 1- 
We write 

^ = Z^Cj(/jj+e ; <e,'^i >=Ofor j G J. 

We have 

U = - ^c,A,(-Av9, + V,). (2.20) 
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In view of (I5.6ip . we deduce that 

iieiloo < ciiL^iioo 

and consequently that 

llelloo^O. 

We conclude that there exists at least one j such that Cj -f^ and such that 0)) 7^ 

0. By the second step, this j is unique. Let us call it i and then we have that 

-—^ — Ciipi — )• if \x\ — is bounded. 

OX\ 

Now, since ||^^||oo A Oi deduce that F ^ {0} and that dimF > k. Consequently 

diniF = k 

and we define {(pi, ■.■,ipk) a basis of F verifying (jl.l2p and such that 

\Wi - aiTT^Iloo + ||V(93i - ai-—^)\\oo 
0x1 0x1 

with Qj / 0, independent of e. 
Finally we write 

^=Z]'^i^i+^ ' <e,^i >/fi=Ofor aU j (2.21) 
and Cj 7^ and ||^||oo — ^ 0. For each j / i we have, by our convention, (pj{{^^)) 7^ 0. 

r, j 

Since and ^ tend to at we infer that 

Cj —7- for all j 7^ i. 

Moreover, by Proposition 15.71 is bounded in L'' and ||^||l9 — )• for all q > 1, that 
gives (fLT3D . 

Proof of (iii). 

Let us adopt the case where k > 2 and where |^ — <Tj| — +00. Otherwise, Proposition 
II. H is irrelevant, and the estimate of Aj is true, but must be done for the period — instead 
off. 

We have by (12:211) 

h-^ifidx = CiXi\\(pi\\jji 
and I — III ^ ,.'2 is bounded from below, in view of (|5.77p . We write 

"^il ll'/'j ll^fl 

L,—-!-ipidx = — h—^—^dx - / L— ^(— — ^ - ipi)dx 

0X1 Ci J 0X1 0X1 J 0X1 Ci 0x1 
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Let us define, for j = 0, + 1 

I 3 

nj = {xe xM^-i;dist(x,uf+oH(y>0)} = |x- (^,0)|}. (2.22) 

We have 

k+l 
i=0 

We write 

We are going to prove on one liand tliat 
and on tlie otlier hand that 

l-JV 

= oie-^'-'a^ ' ). 
Using Lemma 15.21 we write, if p > 2, 

while, if p = 2 

/„(-r'-r''££--(-^)I,-r^<E"^-E-.)||£- 

Now, we use Proposition 15.91 to get, when p — 1 > 1 

r . fiTT. (l-JV) min{p-l,2} 

Since f — o"j — )• +oo, we have 

9 



Using Proposition 15.91 again, we obtain for all p > 2 



1^0 



and 



We have proved (|2.24p . 

Let us turn now to the proof of (|2.25p . 

We estimate, for / ^ and using Proposition 15.91 



' dxi 
Now, let < /3 < 1 be given. We have for all / and for j = 0, A; + 1, j 7^ z 



But 



see 



Choosing j3 such that p — 1 + /3 > 1, we get, using Proposition 15.91 
Since 

iil^ir-^ . -0 

0X1 L^(\x-{^,Q)\«Tj) 

we deduce ([2:25]) . 

Now (ICTIl and (IT^ give 



Using Corollary 15. H we get 



where i/j 7^ is a real number. 
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It remains now to prove that 



We write 



2 



< / VeH-(#.0)l|x-(^,0)|^e-l--(#'°)l|^.-i|^|dx + o(e--v: 

l-JV /■ 1 f)^j. 1-N 1-N 

Jrii ox I 



For j ^ i, we write 

ac/ii, 1 dvi 

/" 1-N 1 1-iV 

<C/ e--V.--|..--|||^ = o(e--...--) 



)\dx 



We obtain (j2.27p and consequently, we have proved (jl.l4p . 

3 The Lyapunov-Schmitt reduction. 

In this part, we prove the proposition ll.il 
Let us define 

M{u) = -Au + u-u^_^^. 

To begin with, we have 
Lemma 3.1 

\\M{ue)\\oo < Ce'^-ar^ . (3.28) 

Proof. 

M{u,) = Y,Ul^-{Y,U^,lr■ (3.29) 

i,l i,l 

We have for ah i 

Uj,i+ l^Ui^i < Ce I - ^ 2e ^ ^ ™ 
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In rjj, we write by Lemma 15.21 

while p — 1 > 1 . We easily deduce the proof of the Lemma. 



Let k real numbers Si,...,Sk and v G x ^) be given. Let us suppose that 

k 

u = Us + V + 6iipi; <v,ipi>Hi=0, i = l,...,k (3.30) 

2=1 

is a solution of (jl.ip and that 



k 

\V\\oo 

i=l 

We define 



k 



h = -M{us + v + Y^ 5iip^) + L(z; + E ^^^^)■ (3-31) 
Then v and (5i,...,5fc are such that 

k 

L,{v + Siipi) = h. 

i=l 

We denote 

h = h^ + h^ , /i^ e Vect{99i, , /i"*" G (Vect{v9i, (^fc})^, 

relatively to the Hilbert space H^{[—-^ -] x M^^^). First, u is a —-periodic solution of 
the equation 

< v,ipi >H^= 0, ^ = 1, fc. 
Then ((5i, (5^) verifies 

i=l 

We have the following 

Proposition 3.3 Let v be a solution of i3.32\} . Then there exists C independent of e 
such that 

k 

l-N 



ifp>2 \\v\\hi <C{e-^^a— + ^\5if) (3.33) 

1=1 

k 

ifp = 2 Vr? E]0, 1[, \\v\\h^ < C(e-2'?^^ + ^ 



anc? /or a// p 

k 



+ ||Vz;|U < C(e-2%— + E l-J^l'). (3.34) 



i=l 
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Proof. 

We write 

h = AUe -Ue + {U£+V + '^ Siifi)^ - pvP~^ {v + ^ 5iipi) 

and Lemma 15.21 gives 

\{ue + V + ^5i^if^ -ul - pvF-^{v + ^5iipi)\ < C\v + ^5i^i\'^. 
We deduce that 

\h + M{ue)\<C\v + Y,^m?- (3-35) 

Since 
then 

\\h^\\L^<C\\h\\L2 and ||/i^||oo<C||/i||oo. 
Now, we use ()5.6ip to obtain 

II^IU < Cll/l-^lloo- 

Using p.28p . we deduce the estimate 

k 

\\v\\oo < C{e-^^ar^ + N^) (3-36) 

i=l 

and the estimate p.34p follows in the standard way. 
We have also by (15.641) 

\\v\\hi <C\\h^\\L^- 

We write 

ll/^lli. <C(||A^(n,)||i. + ||T;||i4+j;|5,r). 

j 

Using (j3.36p . we deduce, for e small enough 

\\v\\H^<C{\\M{Ue)\\L-+J2\^j 



Now we use (I3.29P and Lemma [52] to obtain 
Proposition 15.91 gives 

\\M{us)\\l^ < C{e-^^a^) if p > 2 (3.37) 
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and for all rj G]0, 1[ 

\\Miue)\\L2 < Cie-^'^^a^) iip = 2. (3.38) 

We deduce dOa]) . 

We have proved the proposition. 

Now let be defined by 

k 

/i^ = ^ di{-Aipi + ipi). 

i=\ 

We have the following 
Proposition 3.4 For i = 1, k 

k 

d, = -Pj [/f-i^^.|^d^ + 0(^52) + o(e-2^a^). (3.39) 



Proof. We have 

1 



{hipi)dx. 



di = {! {h + M{ue))ipidx- [ M{ue)(pidx)-^-^ (3.40) 

The coefficient HvJiH//! does not matter, thanks to (I5.77p . We deduce from ()3.34p and 
(|335]1 that 

f {h + M{ue))^^dx = 0{e-^'^^a}-^ + y6^). (3.41) 

Now let us estimate the second integral, for i = 1, ...,k. 
Without loss of generality, we let i = 1. We write 

M{us)^idx = / M{u£){(pi—ai— — )dx+ai / A4(ue)-^ — dx. 

The estimate (|3.28p gives directly 

M{ue){^i - aij^)dx = o(e-2^£^), (3.42) 

J £ ' £ L 

since 

II II . n 

Now, as in the proof of Theorem 11.31 (iii)) we write 

/" M{ue)P^dx= f M{us)^dx + +y] pf M{ue)^dx 

7]_-,-[xiR^-i J^^ dxi dxi 

J £'£L J- J— Uj-^X 
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We have 

i,l i,l 

By Lemma 15.21 we have, in Qj, 
We get, for j / 1 

(3.43) 

l-JV 

by Proposition | 



Now we write 



/ M{ue)^dx = o{e-^-^a/)-p I U^-^^v, +Y,Ui,i)p^dx. (3.44) 



'Hi 

Moreover, since k > 2, we have 



vr 

0"! — )■ +00 



and consequently 

e=^=o(e-2.,)_ 
So, we deduce from Proposition 15.91 that 



and 



Finally 



/ f^r(E-.+E^i.')|!^^-= / UrE-^^d^ + oie-^^-^"^). (3.45) 
■^f^i ;_^o -^^i jyi 

Now (loo]) . ([331]), (IPs]) and (fOij) give the proof of the proposition. 

Proposition 3.5 Let u be given as in Proposition and let Si,.. ..,5k be defined in 
\S.3(J\) . We can possibly replace the k given points ^ ^ by k points ^ ^ verifying 

a\ bi 

S £ 

in order to have 

(5i = 0, i = 1, k. 
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Proof. Let 

k 

U = Ue + + V 

i=i 

be the given solution of (|l.ip . 

Let us give (ai, ...,a/c) depending on e, such that (ai, ...,aifc) — )• 0. We can replace the 
points -f by the points + ai. In other words, we write 

k 

U = Ui; + + V 

where 

A; 

Ue{x) = "^"^Uj^iixi - aj,x') 
j=l l& 

and (fj, j = 1, k 

are the eigenfunctions corresponding to the eigenvalues tending to 0, for the configuration 
of points ^ + Oj , and 

<v,(pj>=0, j = l,...,k. 
Soustraying the expressions of u and performing the scalar product in by ipi, we get 

'^ill'/^jllHi + X^^i < V>J ~ ^j^^i > = < Ue - U£,(pi > +Si\\(pi\\jji+ < V - V,ipi > . (3.46) 

j 

First we remark that we have 

<V-V,Lpi > = < V, (fi- ipi> 

while by (|333D 

\\v\\m<C{e-'^^a'^+Y.~^]), 

j 

with 1] = 1, for p > 2, thus 

\ <v-v,ipi>\< C7(e-2''2a^ + ^ ^J). (3.47) 

j 

Moreover 

I < - tie,(/9i > I < lojl 

and, as a consequence of (I1.13P 

W'fj - ^jWm 0- 

Thanks to (|3.46p . we deduce that 

5^ < C{Y^ + 5^ l«il + e-^^'^a^). (3.48) 
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and consequently 

j j 

thus 

\<v-v,ipi>\< C{e~^^^^ar^ + I'^jf + Yl (2-^9) 

j j 

for some C independent of e . 

Now let us prove that we can choose (ai, a^) such that 

<Ue- Ue,^i > +Si\\ipi\\'^+ <V - V,ipi >= 0. 

We define 

J"(ai, Ofe) = (< - -u^, >)i=i,...,fc- 
This definition gives, for i and j = 1, ...,k 

1^ = / ^^^{xi-aj,x')(pi{x)dx+y^ f V^^^{xi-aj,x').Vipi 

We deduce that, as e — >• 

Thus dJ^{0) is an isomorphism, for e small enough. 
Let us define a = (ai, a^). We have to solve 

J"(a) + ((5i||(/5i|p+ <v - v,ipi >)i=i,...,fc = 0. 

We define 

Q{a) = F{a) - J^(0) - dF{Q){a) 

and 

g(a) = {-dF{Q))-^{Q{a) + + < ^; - >)*,...,fe)- 

Since we have together 

|Q(a)| =0(|a|2) 

and p.49p . we can use the Brouwer fixed point Theorem in a standard way. We find a 
real number R, 

3 

such that 

(|a| <R)^ \g{a)\ < R). 
So we find a, \a\ < R, such that g{a) = a, that is 

<U£ - Ue, ifi > <v-v,ipi >= 0. 
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Returning to ()3.46p . we deduce that 6i = 0, i = 1, ...,k. 

Proof of Proposition 11.11 The points are asymptotically uniformly dis- 
tributed. 

From now on, we suppose that di = 0, i = 1, k. 
Let iQ G {1, k} be such that 

o-jo - 

(we know that there exists at least one i such that cij = oi). We have 

h{5npi + ... + 5k(pk) = h^, 

that is 

fc k 

5iXi{-Aipi + yjj) = ^ di{-Aipi + ipi) 

1=1 i=l 

thus 

6iXi = di for all i. 



In particular 

Since, by Theorem 11.31 we have 



diQ = 0. 



A,- J > He-^^a— 



we deduce from (|3.39p that 



'0 j^io 



We deduce that 



^ it -in I'I'I ' —L ■ 



... dxi 



*0' i e jjLiQ 



But let us suppose that 



2(7 = ^ ^, 



We use Corollary 15.11 to get a positive real number Dq such that 



and 
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and consequently 



,40 aj,o-\ 
2o:- (^^ ~^ ~^ 



This property is valid for all exponent i such that (Tj — — )• instead of if). Thus we have 



4 The proof of Theorem 11.11 completed. 

The uniqueness. 

Now, we have f - + fr) ^ 0- Replacing the points f hy ^ + i = 1, k, 
we can write u as 

u = V^[/(xi + ——,x') + 'y26iifi + V, <v,(fi>=0, i = l,...,k. 



By the definition of (pi given in section 2 (analogue to that of ipi), (pi is ^-periodic in xi 
But now, the corresponding operator L is of minimal period ||, since now tie is replacec 

by E/ez U{xi -f + ^,x'). Sowe have 



and (^1 is ||^-periodic. Let us denote ipi = p. 
Now we recall that 

hv = 

with h = —M.(Jl^) + 0{v'^ + 6i(pi)^). We can use the Banach fixed point theorem in 

2tt 



L°° to deduce that V is of minimal period 

||-periodic and in the spa^^c ±± y-^^ 



Consequently, u is Tr--periodic and in the space H^{y- x ^) we write 



Err/ 27r/ -r, _ _ _ 

uixi h - — ,x ) + dip + V, < v,p >= 0. 
e ke 

Thanks to Proposition 13.51 we can perform a translation in xi to get 5 = 0. We get some 
^ such that 

Eal ap 27rl ,, , a^, 

U{xi- ^ - — + —,x') + v, <v,p{xi- —) >=0. 
e e ke e 



Let be the Dancer solution of period ||. Then 

ud{xi 



=> t/ Xl - ^ + — + (^(^ + ' 



£ ke 
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for some v such that < f , >= and some (5 — )• 0. 
Exactly as for n, we find some point ^ ~^ such that 

ud{xi ^,x) = > U{xi 't—,x) + VD-, <VD,f{xi ) >= 0. 

Now we can prove that for e small enough, 

be - as - a] , 
u = ud{xi H ,x ). 

The proof is the same as for the case of a solution which is even in xi. Let us write it 
for the sake of completeness. 
Without loss of generality, let a] = 0. 
We define ^ 

U£){x) = U£){xi -\ — -,x') and w = u — uj^. 

Let us suppose that ri; 7^ 0, at least for a sequence e — )• 0. Then HtfUoo is attained at a 
point c = (ci,c'), with c' obviously bounded independently of e and ci — Now 
ci is bounded. To see that, we write 

vP — yP 

-Aw + w{l ) = 0. (4.50) 

u — V 



If w{c) > 0, then 



thus 



— u 



u — Ud 



l^w{c) > w{c){l- puP-'^{c)). 
But if |ci| —7- +00, we have uP~^{c) — 0, thus 

l-puP-^{c) > 

for e small enough, that is in contradiction with the Maximum Principle. So we may 
extract a subsequence such that c — )• c for some c. 
Let us define 

w 

Z[X) = J 7 . 

It verifies (j4.50p . By standard arguments z — )■ z uniformly on the compact sets. Moreover 

z{c) = 1 

and 

pti^n — — pu^^^ if n > Ud 

u — Ud 

and we have the reverse inequality if u < ud- More, 

limtt = limuD = U{x). 
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So 



— u 



lim — — = pU. 

U — U£) 



Thus 

-Az + z(l -pC/P~^) = 0. 

We deduce that z = a^^' some a / 0. 
We have 

< z, (pixi — —,x') >H^= J. — <v — vd{xi + — ^, x'), (^(xi -^x') >H^= 0. 

e \\u-ud\\oo e e 

Moreover 

, , dU 



and by Proposition 15. 7| 

|V(^(x)| + |^(x)| < Ce-^l^l 
We use the Lebesgue Theorem to infer that 



r ^ ^1 



-/ .. 9[/ ..2 

< z,(p[xi - — ,X ) >j^l-> 
So we are led to a contradiction. We conclude that u = ud, for e small enough. 
The proof of the estimate 11.61 
Without loss of generality, we let /c = 1. We write 

up = y2ui + v 

I 

where v is even in xi and verifies 

'Lv = h 

and is replaced by Yli the definition of L. The restriction of L to the even 

functions has no eigenvalue tending to 0. The same proof as for (j5.6ip gives 

+ ||V7;||oo < C\\h\\ 
and consequently the same proof as for ()3.34p gives 

V7?G]0,1[ ||7;||oo + ||Vz;||oo<Ce"^(^)^. (4.51) 

Let i?o > be given. It remains to estimate, for all r/ g]0, 1[ 

{\v{y)\ + \Vv{y)\)e^''y 

when dy > Rq. 
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Let /3 be a positive real number, independent of e, which wih be chosen later. Let 
y G] — ^ + /3, ^ — /3[xM^~-'^. We follow the course of the proof of Proposition 15.61 from 
()5.65p . ^ being replaced by v. With the notations of that proof, we perform the truncation 
around 0, using the truncature function 9. So we drop the index i. By ()5.67p . we have 

{ev){y)= [ G{y-x){p9uP-^v + 9h-Aev-2Ve.Vv){x)dx 

Jrn 

Now 

h=-M{Ue)+0{v^). 

We have 

\v{y)\<C{f vG(j/-x)p^e(-P+^)l^ldx+ / G{y - x)e\M{ue)\dx + f G{y-x)ev^dx 

JrN JigiV J^N 

+ / G{y-x){\v\ + \Vv\)dx). 

Now In Supp^, 

— I I l-iV 

dx = \x\ and U<Ce '^'\x\ 2 . 

Let us recall that 

M{ue) = pUP-HY. Ui) + 0{{J2 Ui)^ 
We deduce that for all r] G]0, 1[ 

/ G{y-x)e\Miue)\dx <Cy" [ e-'^\y^e''\'^'y\G{y-x)e'^\''\{UP-^Ui+Uf)edx. 

(4.52) 

Using Proposition 15. 9^ we obtain for all r]' such that 0<r]'<p— 1— r] 



la 

Moreover 



V / e-'^\y\ei\''-y\G{y - x)e'^\''\UP-^Uiedx < Ce-'^'^^e"^'^ (- 



l2n_ ,71 ^ 1-N 
2 . 



y [ e-^\y\e^\^-y\G{y - x)e^\^\ufedx < C e'^^y e^~^+^^^^ {-)"-^ . 

Now Proposition 15.91 gives also, since p — 1 + rj > 1 

\v\G{y - x)p0e(-P+i)l^ldx < \\ve'''^- \\^ [ G{y - x)pde^-P+^-'i'^\''\dx (4.53) 



where we define ryi = 1 — r/, and 



/ G{y - x)v^edx < Wve'^'^- ||^ / G{y - xj^e'^'^l^lrfx (4.54) 
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Jrn 

Now 

Giy-x){\v\+\Vv\)dx < {\\ve'^'^^\\oo+\\(yvV^^\\oc)e-''^'^y [ e'^\^-y\G{y-x)dx. 



;f-/3<xi<f 

(4.55) 

Finally, we obtain, for y g]-|+/3, |-/3[xM^~i and for all < r]' < min{2-77, 2(p-l-r/)} 

where the constants are independent of /3 and of Rq. 

We obtain the same estimate for |(Vf)(y)e''l^l |, using the proof of (j5.73p . 

We terminate by a barrier function argument, as in the proof of (I5.62p . Let us define 

= C7ie-^(^)^ + jiWve^''^ lU + ||(Vz;)e'"^^ |U) + C,{\\ve^''^ \\l + \\ve^^^ Hooe-"^^"). 

We have 

-A{v - ^) + (1 - puP-^){v - ^) = -(1 - pur')^ + ^ 



If X G [f - /3, f ] X M^-i 

\h + Miue)\ < Cv"^ < C||7;e^'='-||^e-2''(7-/3) 

and 

Choosing if necessary Ci large enough, we deduce that 

-{1 - puP-^)'^ + h < for y G [f - /3, f ] x R^-^. 
The same proof gives 



-{1 - puP-^)(l) + h < foryG[0,f+^] 



X 



-1 



Finally, the Maximum Principle gives 

\v{y)\-^<0 for y G [f -/3,f +/3] X M^-i. 
Thus, in [-f , f ] X M^-\ we have when dy > Rq 

{\Vv{y)\ + \v{y)\)e^''y KCe-'-^i^)"^ + ^{\\v^^^^ 
and when dy < Rq 

{\Vv{y)\ + \v{y)\)e'"^y < Ce-^ {^)^ e"^^" . 
We choose f3 and Rq large enough to obtain ()1.6p . 
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5 Appendix. 

Let r/ > be given. Let h he a function, defined on [— ^, |-] x M^~^, which has the 
property 

the fonction /je^dist{a;,u);i{{#,o)}) bounded in L°°([-f , f ] x M^-i) (5.56) 
independently of e. 

Then h belongs to H-\[-^, f ] x M^-i)(the dual space of H\[-^, f ] x R^'^)) in 
the following sense 

< h,il> > fj^i iji= I htpdx ioi tp ^ ■ 



We will denote in place of H'^{[-^, ^] x M^-i). 

By the Lax-Milgram Theorem, there exists u € H such that 

~/\u + u = h. (5.57) 

It is classical that u G (see [8], Theorem 9.13 and use the Sobolev embedding Theo- 
rem). 

As a consequence of the maximum principle, 

\\u\\l-° < ||/i||L-. (5.58) 

More we have the following 

Proposition 5.6 Let h G i7-i([-f , f ] xM^^^). There exists a unique i G i?H[-f , f ] x 
M-'^"-^) which verifies 

= h. (5.59) 

Let us suppose that /i G L°°([-f , f ] x M^-i) and that 

< h,ipi >H-ijji= 0, i = l,...,k. (5.60) 

Then 

iieiloo + iiveiloo < cii/i||oo (5.61) 

where C is independent of e. 

Let r] g]0, 1[ be given. Let us suppose that h verifies \5. 60\) and has the additional property 
/ f53g|) for aUr]e]0,l[- 

Then for all r] g]0, 1[ there exists C independent of e and dependent of rj such that 
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Proof Let ^ G H^{^ x K^"^)- First, we deduce from (frTDl that 

iu = 0) ^ (e = 0). 

Moreover, the operator L is a Fredholm operator, so we have the existence of a unique 
solution ^ of (|5.59p when h G H~^. The property (I5.60p for h imphes the existence of ^, 
without knowing the property (jl.l4p . In this case, ^ verifies 

^i-A + l)iipi)dx = 0, i=l,...,k. (5.63) 

Moreover we have in this case 

UWhi < C\\u\\hi (5.64) 

where u is defined in (I5.57P and C is independent of e. Indeed, this can be proved using 
the expansion of ^ on a basis of eigenvectors of the operator (— A + 1)~^L. 
Now, let h € verifying (I5.56P and (I5.60j) . Let us prove (I5.6ip . 

Let us assume that ||/i||oo — ^ and that ||^||oo = 1- There exists c such that ^(c) = 1. 
Let ^(x) = ^(x + c). By the standard elliptic estimates, ^ tends to a limit ^, uniformly 
on the compact sets of and we have either 

(-A + 1)^ = in if |c- ^1 ^ +00 for alH 

or 

(—A + 1 — pU^~^{x + c))^ = in if there exists i and c such that (c — ^) — t- c. 

The first case is in contradiction with the maximum principle, so it does not occur. In 
the second case, we have that 

dU 

^(x + c) — )■ — — (xi + c, x') uniformly on the compact sets. 

ox I 

We use (j5.63p . Since (1 — Aj)(— A + l)(^j = pug'^ipi, we use the Lebesgue Theorem to 
get a contradiction. 

We have proved that 

m\oo< c\\h\\^. 

The inequality for ||V.^||oo follows from standard elliptic estimates ([8J, Theorem 9.13). 
So we have proved ()5.6ip . 



In what follows, we denote 



4 = dist(x,ug{(^,0)}). 



3 

We define 



Oi= — - for i = 0, ...,A;. 
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Let /3 be a positive real number, independent of e. Let i = 1, ...,k and let us consider 
the domain V defined by 

V = {y; -di^i + P <yi-^ <di- P}. 
The number /? will be chosen later. 

Let i?o > be given. We are going to estimate 

when y G D is such that dy > Rq. 

For i = l,...,k, let 9i be a function which is —-periodic in xi and which verifies in 

a* 

ei{x) = l for - ai-i+ P <xi- ^ < ai- P (5.65) 

9i{x) = for xi > &i or xi ^ < — (Tj_i. 

Moreover, we suppose that 9i is in xi. More precisely, we build 6i from the function 
~e defined in [0,/3], = + ^Ixf - i^x? + 1, by e^{x) = e{xi - ^ - + /3), if 

o-j -/3 < xi - ^ < o-j and 9i{x) = 9{^ - + /3 - xi), if -di-i < xi - ^ < -o-j-i +/3. 
Thus we have for all x and for M independent of i, of /3 and of e 



,(x)| < M, |V0,(x)| < ^, \M,{x)\ < ^ 



Let G be the Green function of the operator 



-A + 1 on M^. 



We have 

\x 

We write 



0<G{x) < + iiN>2. (5.66) 



{OiOiy)= ! G{y-x){p9ilf-^i + 9ih-Mii-2V9,.Vi){x)dx, (5.67) 



Let y £ V, we have i9i£,){y) = C{y)- 
We consider ()5.67p . Firstly, we have for all rj G]0, 1[ 



/ G{y -x){p9iuP-^C + 0ih)ix)dx\<C\\he'''^^ Woo [ G{y - x)9i{x)e-'^'^- dx (5.68) 
+C||Ce'''^1loo / Giy - x)9^{x)e-'T^-uP-\x)dx. 
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For X in Supp^j we write 

dx>dy-\x- y\ 

while 

Vr/ G]0, IpeoVe < Eq Ue{x) < Ce'"^^^ . 

So we have 

I / G{y - x)ei{x)e-'^'^=^ dx\ (5.69) 

< I G{y- x)e'^\y-^\\ei{x)\e-'i'^ydx < Ce'^^^y 
and, for any -q' such that rj < r]' < 1 

I / G{y - x)ei{x)e-'^^-uP-\x)dx\ (5.70) 

< Ce-'^''^y [ G{y - x)e'''l^-^le-((?'-^)^+^-^')'^-|6'i(x)|(ix < Ce'^'-^^ 
Secondly, we get for all r] g]0, 1[ 

I / G(y - x)(-A0,^ - 2V0,.VO(x)dx| < ^(H^e'"^^ lU (5.71) 

+ l|Vee^'^1|oo) / G(y-x)e-^'^-dx. 
./xeSuppSj 



But, as above 



/ G{y-x)e-'^'^^dx\<Ge-'^'^y. 



'xeSuppe 

Then (I5.67p - ()5.7ip give for all rj G]0, 1[ and for a constant C independent of j3 and for 
some ?7i > 

\i{y)e'^^y\ < C(||/ie^'^^|U + -^(||Vee'''^^||oo + ||ee''''l|oo) + Ce-^^''liee''''l|oo for all y G V. 

(5.72) 

We have to prove that 

\Vay)e'"'^\ < C(||/ie^''l|oc+^||Vee^'^-||oo+||ee'^'^1|oc)+Ce-'?i^o||ee'"^-||oo for all yGV. 

(5.73) 

Let u = ^e''l^-(^'°)l. When = \x - (^,0)| > Rq, u satisfies the equation 

-Aii + n(l - rf -pul'^) + 2r?V|x - (^, 0)|.V'u = e'''^"/i. 

Without loss of generality, we suppose that there exists C independent of e such that 

a' 

for all X such that |x — ?/| < 1, \dx — |x — (— ,0)|| < G. 
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We use Theorem 9.13 of [8j, with 0,' = {x, \x-y\ < ^} and = {x, \x-y\ < 1}. We get 

l|Vu||ioo(Q,) < C(||u||iOO(f^) + ||e'''^"/l||iOO(Q) 

that gives 

\V{Ce^''y){y)\ < CiUe^^^W^ + Whe^^^lU- (5.74) 
Then (l57f2]) and (l57f4D lead to (l57f3D . Now (fCTjl and <K72h give 

(le(y)l+|VC(y)|)e'?'^« < Ci||/ie'^-||oo+^(||Ce'^1|oo+||VCe'^-|U)+Ce-^^^1iee'"'lloo for yGV. 

(5.75) 

It remains to prove (|5.75p for y in Q^yD. Let us denote 

V = {y;^ + ai - P < yi < ^ - at + /3} 
£ e 

By ()5.75p . we have on dV 

\i{y)\ < C7ie-''(^»-'^)||/ie^'^^||oo + ^(llCe'^lloo + llV^e'^^IU) + Ce~"^^^\\ie^''^U. 
Let us denote 

m = Cie-''(^»-'^)||/ie^'^^||oo + ^(llCe'lloo + llV^e'^^IU) + Ce""^^" H^e"'^^ lU- 

We can suppose that Ci > 1. 
We have 

-A(c - 0) + (e - m - pur') = -^(i - p^r') + ^- 

In D, we have dx> — P, thus 

< e-r?(S,-/3)||/^g»7d.||^ in p. 

We deduce that for e small enough, we have together 

-^(1 - pu^^) +h<0 and 1 - pnf~^ > in V. 
Then the Maximum Principle gives 

^ - < in v. 

and the same proof gives 

- ^ < in v. 

Moreover, we have 
Finally 

\C{x)e^d^\<Cie^>'\\he^''^\\^ + ^{Ue''-\\^ + \\V^e''-\\oo) + Ce-^'^^ in V. 
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The same proof as for (15.730 gives 

|VC(x)e'''='l <Cie^''||/ie'''='-||oo + ^(||^e'^1|oc + ||Vee''-||oo) + Ce-^^^ in V. 

We have proved 

\C{x)e'"'-\+\Vax)e'^''-\ < Cie''^||/ie'''^^||oo+^(||ee'^1|oo+||V^e'^^|U)+Ce-^''^^1lee'"^1|oo in n^, 

when dx > Ro, 
and 

\^{x)e'''^- 1 + |V^(x)e'''^- 1 < Cie'^'^Whe'!'^- ||ooe-^^° in Qt, when 4- < ^o, 

for ah i. 

Now we choose /? and Rq large enough to get (|5.62p . We have proved the proposition. 



Proposition 5.7 Let (p be an eigenfunction o/L, associated with an eigenvalue A which 
does not tend to 1. Let us suppose that \\(p\\iaaQ_E^iL[xR'^-'^) = 1- Then for all rj G]0,1[ 
there exists C > 0, independent of e, such that 

\^{x)\ + |Vv9(x)| < Ce-''^*«*("'U'=oH(f '0)})^ (5 7g) 

where we use the notation : = — 2tt and a^^^ = a\ + 2tt. 
Moreover 

Ci < M\m < C2 (5.77) 

where Ci and C2 are some positive real numbers independent of e. 
Let ^ be defined in i2.21\) . Then 

+ |Ve(x)| < Ce-^^e-'''^^*^("'^-o«#'0)». (5.78) 

Proof To prove (j5.76p , we fohow the proof of (j5.62p in Proposition 15.61 with h = 
We find, for y G 0,i such that dy > Rq 

My)e^''y\ + \Vip{y)e^''y\ < ^dl^e'^IU + llVv^e-^IU) + Ce-^^'^\\^e^''^\\^ 

while for y G Qi such that dy < Rq 

\ip{y)e'i'iy\ + \Vip{y)e'''^y\ < Ce'?^» 

where the constant C is independent of (3 and of Rq . We choose Rq and (3 large enough 
to obtain (15. 76p . 

Let us prove (I5.77p . 
We have 
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In view of (15.760 and of ()2.16p . we may use the Lebesgue Theorem to obtain that 

0, i = 0,...,k. 

Now we have 

^ j=l l€Z ^ j=l ^ 

If we write = h, then, for all r] g]0, 1[ 

\h{x)\ < C^e-^e-""^^. 

We use Proposition 15.61 to obtain (j5.78p . 
We have proved the proposition. 



Proposition 5.8 Let C and A he positive real numbers. Let f and g be functions which 
verify the following property, for \x\ > A 

|/(x)| < Ce-I^l , |5(x)| <Ce-l^l|x|^. 

Let a > b > 0. Let yo he such that |yo| — ^ +oo and a = Then 

I [ f-{x)g\x-{y^,Q))dx\=o{\yof-^e-'\y^\). (5.79) 

J Ci"2 <\x\<a 

Proof We easily see that if |x| < a, 

\x-{y,M = \yo\\--{iM>\\yoV 
yo 2 



Thus 



/ ^ nx)g'{x - {yo, 0))dx\ < C\yo\'"-^ [ , e-^l^l-^l^-^^O'^^ldx 



<C\yof-^ [ r""-' f V(-i-^o)Hr2 lit, ^hrd^i{z) 



< C\yo\''^ I ^ r^'^ I e-''~'e-^\y^-''\drdix{z) 



and e^^-'^^^^a^ ^ 0. 
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Proposition 5.9 Let f and g he smooth functions and C , Ci, C2 and A be positive real 
numbers which verify, for \x\ > A 



Let us define 



n, = {xG [-^,^] X M^-i; dist{x,uf+^{{i,0)} = \x- (^,0)|}. 
Let a > b > 0. Let i ^ j and let yo = 

If f{x) > and / 7^ 0, then there exist positive real numbers Ci and C2 such that, for 
i = 0, ...,k + 1 

(l+o(l))Ci^Coe-''l^"l|yo|''^ < / T 0))5^(x-(^, 0))da; < C2^Coe-'''^ol|2/o|''^ (l+o(l)), 

Jo e e 



(5.80) 



where 

co= I nx)dx. 



The estimate \5. 80\) holds true if we replace Vti by the set 

a* 

= {x G Oi; xi > 

while Co is replaced by 

ci>0 



/ r(x)dx. 



Proof. Let 

2 

For X such that |x — (-^,0)| < q2, we have 



thus 



We write 



\x - (^,0)1 < |x - (^,0)1 < |yo| + |x - (|,0)|, 



4,0)1 = (l + o(l))|yo|. 



/ . ,r(x-(^,0))/(x-(^,0))dx 



>C?(l + o(l))|yo|''^e-%«l / ^ /«(^_(^,o))dx 

J|a._{^,o)|<a2 e 

>C?Co(l + o(l))|yo|'^e-^l^°l 
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and 



L 



|x-(^,o)|<a2 e e 

<C2^1 + o(l))|yo|''^e-%«l / ^ (^,o))da; 

<C2^Co(l + o(l))|?/o|'^e-'l^''l. 
Moreover, in view of Proposition 15.81 we have 



nx-{^,0))g\x-{^,0))dx = o{l)\yo\'^e-'M 



Last, we have 



I , nx-{^,G))g\x-{^,^))dx 

Ja'gr2,;;|x-{^,0)|>a ^ ^ 

Aea:la;-('^i.O)l>a ^ 



/a;eni;|a;-{^^,0)|>a 



since a > b. 

We have proved the proposition. 



Corollary 5.1 // 

hm g{x)e^^^ |x| 2 = L 



, JV-l 

5(j;)e''^' \x 



^ lim / r{x-{^,0))g\x-{^,0))dxe'\y%o\''^ =LCo 

where Cq is defined in Proposition \5.9[ Moreover, we can replace Qi by Qf. 

Lemma 5.2 Let k be a positive integer. Let a and b be real numbers, with a > 0. // 
p > 1 is given and k = [p]. There exists C independent of a and b such that 

\-{a + b)l + aP + ... + + < c\b\P. 

k\ 

Proof First, let us suppose that 6 < 0. If a + 26 < 0, then a < 2|5|, and the claim is true. 
If a + 26 > 0, then a + 6 > and we write 

I _ (a + 6)P + + ... + P--(p-fc + l) ^p-fc^A:| ^ P-.{p-k) ^ ^^y^u^i^t+i (5 

k\ (k + 1)! 

where a g]0, 1[. But a + ab > —2b + ab, thus 

I _ (a + 6)P + + ... + P....(p-fc + l) ^p_,^fc ^ p. (^p k) _ 
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that gives the claim. 

Secondly, let us suppose that b > 0. If o < 6, the claim is true. If a > 6, we use (|5.8ip 
again and we obtain the claim. 
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